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THERMALRELATIONSFORTWO-PHASEEXPANSIONWITHPHASEEQUIL18R3TJMAND

EXAMPLEFORCOMBUSTIONPROIXJCTS@’BORON-CONTAIMNGFUEL

By LeonardK. Tower

SUMMARY

Jetenginefuelscontainingboronformboricoxide(B203]when
burned.Thissubstancecanexistbothas a liquidanda vaporathigh
temperatures.Ifa portionof theB20

t
condensesduringexpansion,the

performanceoftheenginecanbe affecedappreciably.Thephysically
possibleeffectof condensationonperformanceisoftenbracketedby
assumingthatexpansionoccurseitherwithno changeincompositionor
withequilibriumcondensation.

Onemethodof calculatingtheisentropicexpansionprocessisby
meansof equationsrelatingpressure,temperature,anddensity.Commonly
usedequationsfromengineeringthermodynamicsrelatingthesevariables
arenotsuitedto theanalysisofan isentropicprocessinvolvingequi-
libriumcondensation.Thisreportpresentsequationsrelatingtempera-
ture,pressure,and.densityforan isentropicprocesswithequilibrium
condensation.

Theimportanceofusingequationswhichproperlydescribethisproc-
essisemphasizedby a calculationdiscussedhereinoftheisentropic
variationofpressurewithtemperatureinvolvingcombustionproductsof
boron.At thechosencondition,thecoefficientfortheisentropicvari- ‘
ationofpressurewithtemperaturewas5.8withnophasechangeassumed
and12.9withcondensationassumedtooccur.

A procedureisgivenforintegratingtheequationsinvolvingpres-
sure,temperature,anddensityinorderto analyzean expansionprocess.
An exampleintheformof a problemconcerningtheuseofethyldecaborane
ina ramJetengineservesto illustratethisprocedure.

INTRODUCTION

Thelargeheatingvaluesofboron-containingfuelsofferthepossi-
bilityof improvementintheflightrangeofair-breathingjetengines.
Thedegreeof improvementoverhydrocarbonfuelsdependsinpartbothon
thethermalproperties_o~.thecomb~stion~oductsandonthenatureof

- ~dl.
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theexpansionprocess.Theboron-containingfuelsdifferfromconven-
tionalfueisbecausetheyproduceboricoxide(B@3),whichcanexist
simultaneouslyas a vaporanda liquid.If condensationoftheoxide
occursduringtheexpansionprocess,an appreciableeffectuponthrust
maybe encounteredundercertainconditions.

Thedegreetowhichcondensationoccursinactualexpansionprocesses
dependsupontherateof condensationrelativetothetimeofexpansion.
Intheabsenceofinformationoncmdensationratesitiscustomaryto —

brackettheregionofprobableperformance-withcalculationsthatassume g
eitherinfinitelyfastor infinitelyslowcondensationrates.Theseare @
designatedrespectivelyas expansionwithequilibriumcondensationand
expansionwithno condensation.

Expansionswithno condensationarereadilyhandledandunderstood
by meansofelementarythermodynamicconcepts.Expansionswithequilib-
riumcondensationaremoredifficulttohandle.Itis importantthat
performancecalculationsinvolvingtheassumptionofphaseequilibrium
be baseduponcorrectequationsandprocedures.

Thepurposeofthisreportisto definecertainpropertiesforan
expansionprocessinvolvingcombustionproductswithequilibriumconden-
sation.Thesepropertiesare

[1
1 thevariationofpressurewithdensity

at constantentropy@P/bp)sj2 thevsriationofpressurewithtempera-
tureat constantentropy(W/M)sj (3)thevsriationofstreamvelocity
at constantentropy(dtJ)s.A numericalintegrationof thesetermspro-
videsthepressure,temperature,density}velocity}andlocalMachnumber
at anypointduringtheexpanstin.A proce,@xreforintegratingthese
termsisgiven,togetherwithanexampleoftheanalysisofa specific
expansioncondition.

w

4

Theequationsandprocedurehereinomittheeffectofdissociation
of gases.Dissociativereactionsgenerallyassumeimportanceonlyabove
40000R atpressuresencounteredinhigh-speedflight.Forpractically
allconditionswhereboron-carbon-hydrogenfuelsmightbeburnedinaLr-
breathingjetengines,saturationofthegasesintheexhaustnozzlewill
notoccuruntila temperaturelessthan4000°R occurs.

Previousreportspresentothermethodswherebytheexpansionprocess
withphaseequilibriumcanbe analyzed.Reference1 containsa general
procedureby whichthenozzleoutletvelocitycanbe obtainedforspeci-
fiednozzleinletconditionsandexpansionratio.Isentropicexpansion
canbe consideredforsystemswithcompositionseitherfrozenor inphase
andchemicalequilibrium.Inaddition,reference1 presentsa procedure ,
fordeterminin~
dissociation.

combustiontemperatureswhichi.nclu&stheeffe& of
K —

●
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Becauseoftheeffortrequiredinapplyingtheproceduresofrefer-
ence1 to specificperformancecalculations,theauthorsofreference2
developeda simplifiedmethodforfuelscontainingboron,csrbon,and
hydrogenburnedinair. Thethermalpropertiesforcombustionproducts
of certainstoichiometricallyburnedfuelsareaddedto obtainproperties
forfuelscontainingboron,carbon,andhydrogeninanyproportionandat
anyequivalenceratio.Thepropertiesareintabularformandalsoin
theformofpressure-enthalpycharts.

Thechartsofreference2 includetheeffectofbothvaporization
andphasechange.Inregionswheretwophasesarepresent,thecharts
canproperlybe usedforthespecificfuelsandequivalenceratiosfor
whichtheywerecalculated.Thetablesofreference2 neglectdissocia-
tionofgases,buttheycanbe usedto includetheeffectofphasechange.
It iscorrectto addpropertiestabulatedforcombustionproductsof
specificfuelsto obtainthepropertiesforanyboron-carbon-hydrogen
fuelwhenequilibriumphasechangeoccurs.However,thedetermination
of conditionsatmanypointsintheexpansionprocessinvolvesnumerous
trialanderrorcalculations.Furthermore,the~ch numbercannotbe
determinedina mannerconsistentwiththeassumedprocessof equilibrium
condensationfromdatacontainedinthetables.

Theequationsandprocedureinthepresentreportprovideametkd
alternativetothoseofreferences1 and2 forcalculatingtheexpansion
processwithequilibriumcondensationofB203. Inanalyseswkre many
pointsduringtheexpansionaredestied$t~s methodmaYPZ’OVemorecon-
venientthantheothers.Moreover,theequationspresentedhereingreatly
aidinvisualizingthe

Sincethepurpose
usefulinanalyzingan

effectofcondensationontheexpansionprocess.

DISCUSSION

ofthisreportisto
isentropicexpansion

equilibrium,thesepropertiestillf-tistbe-.
ationofpressurewithdensityisdefinedas

where

definethermalproperties
processwithtwophasesin
lhted. Theisentropicvari-

{1]

(2)
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()=+V
‘fr’ ‘Vfr

SymbolsaredefinedinappendixA. Thedefinitionsof ~ andthelast
expressionaredescribedmoreexplicitIy inappendixB. Theisentropic
variationofpressurewithtemperatureis PN

where

Thedifferential
expansioncanbe

-+

)~ %2 -
‘fr+ 1—.- Xv RT

6 =
xv A&J

1+~— -~RT

formofthegeneralenergyequationforisentropic
expressedas

(UdU)s= - ‘f dT = - &

Thespeedof soundis

C’m
andMachnumberismerely

M= u/c

(4)

(5)

u

d(lnP) (6} -

(7)

(8)

Derivationsofequations(2),(5),and(6}arecollectedinappendixC.

Equations(2)and(5)for y and s,respectively,arerigorous
wherecondensationistheonlychangeincomposition.H thecomposition
isassumedtobe frozenduringexpansionso_thatnophasechangeoccurs,
thosetermsinequations(2)and(5)involvingtheheatofvaporization
~ arezero. Equations(2)and(5)become’thefamiliarexpressions

.-

r ‘ Y-fr= (=ph-+fr (9) ‘

.
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& ‘%= (Z#-Jfr
fromwhich

_ rf~
efr rfr- 1

5

(lo)

(11)

isderived.

Whenvaluesof T and e computedforequilibriumphasechangeare
comparedto Tfi and efr forfrozencomposition,themarkedeffectof
condensationontheflowprocessisemphasized.As an extremeexample,
considerthecombustionproductsofbaon atan equivalenceratioof 0.9,
a pressureof 1 atmosphere,anda temperatureof 3960°R (nottheflame
temperature).Assumethatthecombustionproductsarenotdissociated
atthistemperaturebutthatphaseequilibriumexists.Theratioof
gaseousto liquidB203isthen2.102at thiscondition.Ill?e~ansionis
assumedto occurwithno condensation(frozencomposition),I_frand e=
fromequations(9)and(10)sre1.2083and5.802,respectively.If equi-S libriumcondensationisassumedduringexpansion,T and e fromequa-
tions(2)and(5)are1.1234and12.939,respectively.

.
Valuesof y- and & calculatedfromequations(2)and(5)include

theeffectof condensation,whilethepresenceof dissociatedgasesis
ignored.By meansofthemethodpresentedinreference1,bothphase
changeandrecombinationof dissociatedgasescanbe evaluated,although
greatereffortis involvedthanintheuseofequations(2)and(5). For
theexampleunderconsideration,T is1.1214and e is.13.091ifboth
phasechangeandrecombinationof dissociatedproductsareincluded.
Thesevsluesagreereasonablywellwiththevaluesneglectingdissociation
calculatedlyuseofequations(2)and(5). Forthecombustionproducts
ofmostboron-containingfuels,saturatedmixturesofB#3 vaportowhich
equations(2)and(5)areapplicablecanexistonlyunderconditionswhere
dissociationissmall.

By meansofequations(2),(5),and(6),expansionprocessesinvolv-
ingequilibriumphasechangecannowbe analyzedwiththeassumptionthat
gaseousproductsarenotdissociated.Forsmallintervalsof theexpan-
sionprocess,pressureandtemperaturedonotchangegreatly.Both T

I and e canthenbe treatedas constantsintheinterval.Equations(1],
(4),and(6)canthenbe integratedforthissmallintervalto givethese
equations:

Pz/Py= (PJPYV- (12]
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J

pz/py= (@j)e (13)
s

U;- U;=~(~-Tz) (14) —

Thesecomrmtationsarerepeatedforthenum%erof intervalsintowhich
theexpa&ionisdivided,-with

An exsnmleis includedto

yandc ‘recalculated

EXAMPU3

illustratethemannerin

foreachintervai”
;
a

whichtheequa-
tionsdevelopedhereinareusedtoanalyzea one-dimensionalexpansion
withphaseequilibrium.Theexampleshows”theeffectwhichtheassump-
tionofequilibriumphasechangehasontheexpansionprocess.

Considerthefollowingproblem:a raqjetengineburningethyldeca-
boranefueloperatesat 60,000feet,a flightMachnumberof4.0,a~ an
equivalenceratioof 0.6. Inletanddiffuserpressurerecoveryis0.443,
andcombustionefficiencyisl.CO. CombustorinletMachnumberis0.175.
FlameholderWag isneglected.Theexhaust-nozzleoutlettemperatureand
velocityaredesiredforisentropicexpansionto ambientpressurewith .
equilibriumcondensation.Alsodesiredarenozzlecontoursrequiredfor
(1)constantchangeofvelocitywithdi.stancealongthenozzleand
(2)constantchangeofMachnumiberwithdistancealongthenozzle.

.“

ChartsandprocedurediscussedinappendixD wereusedto determine
conditionsatthecombustoroutlet.Thecombustiontemperatureandpres-
surewerefoundtobe 4400°R and4.524atmospheres,respectively
(1atm= 2116lb/sqft). Dissociationof gaseswasneglectedinthis
calculation.Sinceno condensedB203waspresentat thecombustoroutlet,
theconditioninthenozzleatwhichcondensationbecamepossiblewas
foundbya procedureinappendixD. Forconvenienceindiscussion,this
conditionwherecondensationcantheoreticallybeginisreferredto as
nozzlestation1. Subsequentstationsforthestepwisecalculationin
thecondensedregionarereferredto as 2,3,4, andsoforth.Eight
stepswereusedto calculatethatportionof thee~ansionprocesstiter
thetheoreticalsaturationpoint.Thenozzleinletwasdesignatedas
stationC, thenozzleoutletas stationD. Nozzlestation9 thuscorre-
spondsto thenozzleoutlet,stationIl. —

Valuesfor P, T,U, C)M) T) ~d e forstation1 on-d ‘e pre-
sentedintableI. ThedetailedcalculationsshownintableII *e dis-

c

cussedmorefullyinappendixD. By followingtheheadingsoftable11
thereadercanmakesimil=calculationsforotherconditionsandother -
fuelscontainingboron,cabon,and@drogen.
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ObserveintableI that
thesameconditionof static

7

twostations,1 andl(a),sreshownto have
temperatureandpressure.Thetemperature

at station1 wasassumedtobe i~initesimal~abovethetemper~ture
wherecondensationstartsinthisparticulsrcase. Thatat stationl(a)
waaassunedtobe infinitesimallybelowthecondensationcondition.Sharp
discontinuitiesin y and & resultbecauseofthesuddenappearanceof
termscontaining+ inequations(2)and(5)withtheonsetof conden-
sation.ThestreampropertiesP,T, and U arethesameat stations1
andl(a). However,thesonicvelocityandMachnumberjumpbecauseof
thediscontinuityin T withtheonsetof condensation.

Betweenstations1 andl(a)thereisa 1~-percentincreasein c
forequilibriumcondensationoverthevalueforno condensationat the
sametemperatures.Thereisan 8-percentdecreasein T forthesame
circumstances.

FromthedataoftableI werecomputedthenozzlecontoursrequired

[1
for 1 constantchangeofvelocitywithdistancealongthenozzleaxis
and 2 constantchangeofMachnuniberwithdistance.Thenozzlewas
assumedtobe of circularcrosssectionand2 feetlong. Thenozzle
radiusrequiredtopass1 poundofmixturepersecondis shownplotted
againstaxialdistanceforbothcasesinfigure1. Alsoshowninfigure
1 isthenozzlecontourforconstantincreaseofvelocitywithdistance
ifno condensationwereto occur.

Forthecaseof constantMachnumberincreasea procedureinappendix
D avoidsa discontinuityinthenozzlecontourbetweenstations1 andl(a).
Sucha discontinuitywouldoth-ise resultfromthesuddenincreasein
T causedbytheonsetof condensation.Betweenthenozzleinlet(station
C) andstation1 thevalueof cfr usedincomputingstreamvelocity
fromequation(14)isassumedtobe 5.15,while T& isassumedtobe
1.24inequation(7)forthespeedof sound.TheflowareasandMach
numbersbetweenstationC andthesaturationconditioncalculatedusing
thesevaluesof yfr and &fr assumeno dissociationofgases.Incor-
poratingtheeffectofdissociationbetweenthesestationschangesthe
flowsreasandMachnumbersveryslightlyinthisparticularexample.

LewisFlight~opulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,hkrch15,1957
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APPENDIXA

SYM80LS

specificnozzlearea,sqft/(lb/see)A

a

c;

constantinexpressionformolarentropy

constant-pressurespecificheatof substance,Btu/(lbmole)(%)

localspeedof sound,ft/secc

con&ant-pressurespecificheatof combustionproductsat constant
composition,Btu/(lb)(OR)

Cp

constant-volumespecificheatof combustionproductsat constant
composition,Btu/{lb}(OR)

gravitationalconstant,32.17ft/sec2

“

totalenthalpyof combustion-productconstituent(sumof chemical
energyandsensibleenthalpy),Btu/lbmole

heatofvaporization,Btu/lbmole
.

totalenthalpy(sumof chemicalenergyandsensibleenthalpy),
Btu/lb

—

heatof combustionoffuel,Btu/llof%

J

2

M

conversionfactor,778.16ft-lb/Btu

distancealongnozzleaxis,ft

Machnumber,ratioof streamvelocityto localspeedof sound

molecularweight,lb/lbmolem

%

n

nf

meanmolecularweightofcombustionproducts,lb/lbmole

numberofmoles

numberofmolesof combustion-productconstituentresultingfrom
burningfuelstoichiometricdlyin1 poundof air

t

staticpressureof combustionproducts,atm(1atm= 2116lb/sqft) .P
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c

P

R

s

s

T

u

v

w

x

r

&

partialpressureof combustion-productconstituent,atm

gasconstant,1.98718

entropyof substance,

entropyofmixtureof

Btu/(lbmole)(OR)

Btu/(lbmole)(%)

materials,Btu/%

statictemperature,%

axialstresmvelocity,ft/sec

volumeofmixtureof combustionproducts,cuft

weight,lb

numberofmolesof constituentdividedby totalmolesof gasand
vapor

coefficientforvaxiation@ pressurewith
entropy

coefficientforvariationofpressurewith
entropy

arithmeticaverageof c overtemperature

density,lb/cuft

densityatconstant

temperatureat constaht

interval

equivalenceratio,actualfuel-airratiodividedby stoichiometric
fuel-airratio

Subscripts:

a air

B combustorinlet

c combustoroutletornozzleinlet

c condensedphase

D nozzleoutlet
a

f fuel

fr no changeincomposition(frozencomposition)
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J

v=1,2,3

noncondensinggasesonly,vaporof condensingmaterialexcluded

allgases,includingvaporofcondensingmaterial-

allmaterials,includingconde~edpk=

constantpressure

constantentropy

stoichiometric

constanttemperature

vaporphaseof condensingmaterial

adjacentstationsinflow

atomsofboron,hydrogen,andcarbon,respectively,infuel
formulaBaHPC~

stationsinnozzleaftercondensationbegins

—

alllflm
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APPENDIXB

XL
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4

RELATIONSFORONE-DIMENSIONALISENTROPICEXPANSIONllIZCH

NO CONDENSATIONANDNO DISSOCIATION

Thisappendixdiscussesthedefinitionsof T and e fortheisen-
tropic~ansion oftwo-phasesystemswithno condensation.Similar
materialhasbeenpresentedelsewhere(ref.3),butthetopicisdis-
cussedherebecausesomeofthetermsderivedarerequiredintheanaly-
sisof equilibriumcondensationinappendixC.

Considera mixtureof idealgasescontainingfinelydividedcondensed
materialtoolargeforBrownianmotion.TheidealgasIawappliedtothe
gasesinthemixtureis

Pv = RJTZni (Bl)

Thedensityofthemixtureincludingthecondensedphaseti

p =mlp@7 (B2] ‘

providedthevolumeofthecondensedphaseisnegligiblecomparedto that
ofthegas. Substitutingequation(B2)inequation(Bl)gives

(B3)

Tk term ~nJ#@nf canbe regardedas ~, themeanmolecularweightof
themixtureof gasesandcondensedmaterial,as contrastedwiththemean
molecularweightofthegasesalone,whichis definedas 2nim@nf.

Thederivative(aP/aT)sisfoundby
sionforreversibleentropychange

Tds=dh-;

E compositionisfixed(nocondensation)
betweenparticlesandgas,

consideringthegeneralexpres-

a’ (J34)

andthereisthermalequilibrium

Set ds equalto zero. Thencombineequations
obtain

(B@

(B3),(B4),and(B5)to
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●

(B6) “

Equation(B6)canbe expressedsomewhatdifferently.Letthemole
fractionforallconstituentsincludingthecondensed@ase be definedas
Xk= nk/&i. Thenumberofmolesofcondensedmaterialisnotincludedin
thesummationhi. Forthisreason,~Xk= 1 + Xc. Thisconvention,
usedthroughouttheremainderofthisreyort,gives

(B7)

Thederivative@P/~p)s canbe foundby differentiatingtheloga-
rithmofequation(B3)withrespectto densityat constantentropywith
2nkmk constantfora givenweightofmixture:

$3S’:+$R9($9S+

Forfrozencomposition
(B8)gives

(~Zni/ap)siszero.

az~()2: ~s (B8)

Combiningequations(B6)and

Thus,forfrozencomposition

.
.—

(B9) -

(B1O)

Thenumeratorof e~ression(B1O)is CP andthedenominatoris CV for
a unitweightofthemixtureofgasesandcoiidensedmaterial.Thedefini-
tionof

Y
forthecaseoffrozencompositionisthusextendedby equa-

tion(B1O to includethesituationof smallparticlesinvelocityand
temperatureequilibriumwiththegas.

Equation(B1O)expressedintermsofmolefractionis

(Bll)

.

b

.
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4
Equations(B7)

.
and(Bll)canbe combinedto give

Yf~
Efr ‘~‘fr

Onlyby specifyingfrozencompositionisthe
obtainedas givenby equation-(B12).

1?)

(B12]

relationbetween& and T
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RELATIONSFORONE-DIMENSIONALIXZNTROPICEXPANSIONWITH

PHASECHANGE~ ONECONSTITUENTANDNO DIS-&M31ATION

Inthisappendix,equations(2),(5],and(6),for T, e,and dU,
respectively,axederived.Thesee~ressionspertainto two-phaseisen-
tropicexpansionwithphaseequilibrium. +

— Nd

Derivationof e

It isconvenientto
tofind y. Fora fixed

wherethesummationover

derivee first.Theresultcanthenbe used
massofmaterialwithgasesbehavingideally,

s = Znk~ (cl)

k termsincludesthecondensedphaseandits
vaporaswellasthenoncondmsinggases.

Forthenoncondensinggasesandthevaporphaseofthecondensing
material,collectivelyrepresentedby thesubscripti,

.

(q i ~TJsi=T -Rlnpi+ai (C2) “—

Forthecondensedphasetheentropycanbe considerednearlyindependent
ofpressure.Hence(seeref.4),

(C3)

Inan isentropicprocess

ds=o =h#i~ +~~dnk (C4}

—

Representingboth Sk and nk asfunctionsofthetemperatureand
pressureofthesystemyields

—

(C5) -
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and

amlllsJ
‘ik=(a,m+(a)pd’

Combiningequations(C4),(C5),and (C6)gives

If equation(C7)
libriumwiththe

15

%s(2),+%(2),“s=“- (C7]

istobe valid,theparticlesmustbe inthermalequi-
gasand

Thederivativesare
equations(C2)and(C3)

vapor.

nowevaluated.Firstfind ~nk(ask/~p)T.From

(9(-~($),
and(&S@P)T = O. Thepartialpressureof
of idealgasesis

Pi = Pnl/2ni

where

Xni=~+Zng

(C8)

a constituentina mixture

(C9)

(Clo}

Assumethatneitherng nor Z% changesforthenoncondensinggases.
Differentiatethelogsrithmof equation(~) forthevaporphaseand
combinetheresultwithequation(C1O)to obtain

(CQ

However,thepartialpressureofa saturatedvaporbehavingas an ideal
gasisa functionof temperatureonly. Therelationisknownasthe
Clausius-Clape~onequation(seeref.4). Inreference4 itisshown
tkt (apv/aqT+O ifthemolarvolumeof theliquidbecomesnegligible
comparedto thatof itsvapor.Equation[CU.)thengives
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●

()

a% %
3r T=- ~

(C12)
.

where & = nv~~i. FcIrthenoncondensinggases,differentiationof
equation-(C9)&d substitutionof

(~)
&~p 1=-+
pgp Tp

Finally,since(~v~P)T is

(~)

a
‘nk p ~

equation(C12)yield

‘~’ = & (C13)

~
“%zero, .—

‘-:*

Substitutingfor Zng fromequation(C1O)resultsin

(C14)

me term ~sk(hk/@T ofeq-tion(C7)i6co~iderednext. ~
molenumbersof onlythecondensedphaseanditsvaporarqassumedto
change.Therelationbetweenmolesof liquidandmolesofvaporIs
d~=- *.. Then

(C15)

But

~- Sc=AH+/T (C16)

Equation(C16),togetherwithequation(C12),whensubstitutedinequa-
tion(C17jgitis

whichcanbe written

.

.

F@ -XJ

—

●

(C17)
.
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Theterm Z~(&@T)P of equation(C7}isnowconsidered.Differenti-
atethelogarithmof equation(C9)forthevaporphasewithrespectto
temperature:

Thisyieldsfinally

.

Fora liquidsurface
equationis

inequilibriumwithits

% %-%—=—
dT RT2

vapor,theClausius-Clapeyron

(cm)

ifthemolarvolumeoftheliquidisnegligiblecomparedtothatof its
vapor(seeref.4). Thisexpressionisapplicabletovaporsbehavingas
idealgases.3Ttheradiioftheliquidsurfacessre.nottoosmall,the
valueof AHv canbe takenasthatof a flatliquidsurface.Forin-
stance,thesurfaceenergyof a dropas smallas 2.2x10-6centimeteris
negligible(ref.5). Theratioofvaporpressuresofthesmalldropand
theflatliquidisa functionof surfaceenergyofthesm.11drop(ref.
4). Thereforeparticlesas smallas 2.2X10-6centimeterhavenearlythe
samevaporpressureastheflatsurface.Substitutingequation(C20]in
equation(C19)resultsin

()?lnv nv{AHv/RT}
~p=T(l-~)

Becauseonly ~ and ~ change,

(C21)

(C22)

Substitutionof equations(C16)and(C21)inequation(C22)gives

me term ~tIk(a~aT)p Of e~Ui3tiOn(C7) C$3n
equations(C2)and(C3),

-

(C23)

nowbe found.From
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and

foranyconstituent.From

-&)@
PgTp

()asc?iT p = ~c9c/T 1
equation(C9)

= -&&#-’)p= -#%)p

.

.

(C24}

fornoncondensinggases.!l?hise~ression,togetherwithequation(C18)
andequations(C24)}uponsummationyields. —— .-.

()

as
Znkmp=

Substitutingequations(C14),(C17),
yields

~n@~)k/T (C25)

(C23),and(C25)Inequation(C7)
.

Let Xk = q/Zni foranyconstituentincludingthecondensed
particles;then

In appendixB
andcondensed

it isshownthatifthecompositionofa mixtureor gases
particlesisfrozen(nochangeincomposition)

w-

amm
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Rewriteequation(C26)as

.

.

xv

()ap T — (~/RT)2‘fr+l. Xv
E
‘%~~= 1+

+ (QRT)1-
(5)

Observethat *r inequation(5)mustbe evaluatedby insertionofthose
valuesof the Xkts requiredforphaseequilibriumat thetemperature
andpressuxeinquestion.

Equation(5)wasderivedontheassumptionthatthemixturewas
saturatedsothatB#3 condensed.H themixtureis superheatedor if
expansionisfrozen,noB203condenses,andtheheatofvaporizationis
notrecovered.Equation(10)intheD193USSIONresults.

Derivationof y

Considerequation(lM),thedifferentialformof theideal.gaslaw:

($)S’:+$%)S+H%)S

Fromequation(C1O)writethelastderivativeinequation(B4)as

Since ~ = ~(T,P),

(*):(a4a@)s

(B8)

(C27)

(C28)

NOW,(aP/aT~shas been evaluated in equations (C26) and (5). It c~nbe

expressed as (aP/aT)s= &p/T andtheotherderivativesofequation(C27)
aregivenbyequations(C12)and(C21).Withthesesubstitutionsequa-
tion(C27)becomes

()

&ni
TS=

iv(AI@T} ]()w-xJ-m+&$ (C29)
s



20

Also>

NACARM E57Cll

.

.

—

MBHmb

6$s = ($33($)s

T
(Y)‘z ps

(C30]

Substitutingequations(C29)and(C30)intoequation(B8)andsolving +
for(bP/bp)sgives — _kFm

()
aP P.
TS= xv

{

(C31)

p T-

Eliminatinge by means

()$s=

Finally

or

ofequation(5)givqs

=]

++%%

Thespeedof soundina regionofphasechangeisthen

(C32)

.

.

(C33)

(C33a)

(C34)

.

.
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co
i%
d+

b

Equation(C33)wasderivedby assumingthattheB203presentcon-
denses.. Ifthemixtureissuperheatedor ifexpansionisfrozen,the
terms ~/(1 - Xv)and ~/RT(l - ~) inequation(C31)bothvanish,
sincetheyresultonlyfromconsideringcondensation.Equation(9)in
theDL%USSIONthenreplacesequation(C33).

DifferentialFormofGeneralEnergyEquation

Foranadiabaticprocessthegeneralener~ equationis

(U2/%J)+ (h/Znk~)= Constant (C35)

Thiscanbe differentiated

Foran isentropicprocess,

to give

IHU+w=o
@

equations(Bl)and

()

RT2ni
!??$s=7

(C36)

(B4)give

(C37)

Combiningequations(C36)and(C37)gives
.

Butif ~ isdefinedas Z~m@ni, equation(C38)becomes

~ d(lnP)(UdU)s = - ~

Anotherformof thisexpressionresultsfrom
withequation(4):

(UdU)s = - ~ dT

(C38)

(C39)

combiningequation(C39)

(~~o)

.
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APPENDIXD

CALCULATIONOFTHE

Thecalculationoftheexampleconsistsofthreeparts.First,the
combustoroutletconditionsaredetermined.Second,theconditionsin
thenozzleatthetheoreticalsaturationpointarefeud. Third,the
conditionsthroughtheremainderofthenozzlewithequilibriumcondensa-
tionaredeterminedby a seriesof stepwisecalculationsbaseduponthe
equationsdevelopedherein.

.

—

.

CombustorOutletConditions

Thecompositionoftheburnedmixture,neglectingdissociation,is
foundasfollow. Thechemicalformulaofa fuelormfiure offuels
containingboron,carbon,andhydrogencan%erepresentedasBa~CX,
where a, j3,and X areintegersor decimals.Theatomfractionsare
then: forboron,a/(a+ ~ -t-k)jforhydrogen,~/(u-I-~ I-h}jforcarbon,
A/(a-l-p+x). Theseatomicratiosandthetriangularchsrtoffigure2
areusedto findthemoles~@3 ofB203,n~~ ofH202andn&2 ofCOZ

formedbyburningthefuelstoichiometricallyin
compositionforallequivalenceratiosles8than

@~205 moles B203/lbair

1 poundofair. The .
stokhiometricisthen. .—

@~20 molesH20/lbair

~n~o molesC02/l?Jair
2

0.00726(1-@)moles02/lbair

0.02740molesN2/lbati

Thestoichiometricfuel-airratiousedincomputing4 canbefoundby
meansoftheatomfractionandfigure3.

Forethyldecaborane(B10C2H18),thefuelconsideredintheexample,
theatomratiosare0.333forboron,0.6~ forhydrogen,and0.067for
carbon.Fromfigure2 thestoichiometricmolenumbersarefoundtobe:
U$203,O*oo~9jn&20,0*O~66jand% 0.00103.Fromfigure3 the2’ :
stoichiometricfuel-airratioisfoundtobe 0.0778.

.-.

.
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Ifthecombustiontemperatureislessthanthesaturationtempera-
tureforB203vaPor,bothcondensedandgaseousB#3 willbe Present=
Thecriterionforthepresenceofthecondensedphaseis .s8follows:

where

Thevaporpressureis

+ %2Cl+ %02) + 0-00726(~

plottedagainsttemperature

- @) + 0.02740

infigure4. If

(Dl)

(D2)

in-
equality(Dl)indicatesno condensedmaterial,theamunt ofB@3 vapor
is merely

Iftheinequalityindicatescondensedmaterial,theamwnt ofB#3 vapor
is

. where

5i2knv=p-pv

andtheamountof condensed

Theamount of noncondensing

(DEJ

B203

‘c“=

ismerely

gasesandB203vaporis

Thetotalenthalpyoftheburnedmixturefora fuelcontainingboron,
carbon,andhydrogenisthen

()

Wf
l+~hc’ ‘c@)B203,c+ %@%)B203,v‘@n~20@?)H20‘@%02@)C02 +

0.00726(1-@)(H~)02+ 0.02740(F$)N2Btu/lbair (D8).
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Total
elude

enthalpiesof the
chemicalenergy.

fortheothermaterials

.
constituentsareplottedinfigure5. Fey in-
DataforB203are~romreference6,whiledata

.

arefromreference1. --

Conservationofenergyacrossthecombtistorisexpressedas .—

(II9)
b

Enthalpyof airis giveninfigure6. Etstfmlpiesof somefuelsof inter- .8
esttakenfromreference2 areasfollows:““

Boron
Diborane
Ethyldecaborane
Hydrocarbon
fuel

Pentaborane

Formula

B
B2E6
B~oc2H18
CxHa

B5H9

Phase: Tempera-
Iture,

OR

Crystal--------
Gas - 536.7
Liquid 536.7
Liquid

Liquid.1 536.7

AssignedI

:

enthalpy,
%>
Btu/lb

28,843
36,575
36,263
20,000

.
33,828\

Enthalpiesofotherfuelscontainingboron,cerbon,andhydrogeninknown .
proportionsandhavingexperimentallydetewinedor empiricallycalculated
heatsof combustioncanbe foundfromtheequation .

~=Ahc+ ;n[ 1(n’~)B203+(n’~)H20+(nt~)C02- 0.~0726(~)02

~ St

Forheatsof combustion determined at 298.16°K (536.7°R),(1$)02is
24.642Btu/lbmole,(@)coz iS 4.026Btu/lbmole,(~)B203(c~stal)
is91.605Btu/lbmole,and(@H2@apor) is24.642Btu/lbmole. --

CombustionpressurePc andvelocityUc requiredtoevaluateex-
pressions(Dl),(D3),and(D9]arefound%y”-rneansofthemomentum
equation

(D1O)
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andthecontinuityequation

i![+W4$B“da. (Dll)

wherethestatic-pressurelossdueto flameholderandcombuetorwall
frictionisrepresentedby theratio PyPB. ‘I!hemeanmolecularweight
~ ofthecombustionproductsat stationC canbe expressedas

%, c = 69.64(XC+ ~) + 28.016XH20+ 44.01~02 + 32%2 + 28.016XN2

(D12)

Also,(R/ma)Bis0.06888forthetircompositionassumedherein.

Thedeterminationofthecombustiontemperaturerequiresthatequa-
tions(IN),(D1O),and(Dll)he satisfied.Furthermore,if inequality
(Dl)showsthepresenceof condensedB203,theproperamountsof ~
and ~ determinedfromequations@4], (D5),and(D6)mustbe usedin
equation(D9).Thesolutionfora singlecombustiontemperaturemay
requireseveraliterations.

Fortheexamplebeingconsideredthecombustorinlettemperature
TB wasfoundtobe 1590°R, whiletheinletpressurewas4.747atmos-
pheres.By iterationofequations(D9),(D1O),and(Dll)theflametem-
peratureTc wasfoundtobe 4400°R neglectingdissociation.Velocity
Uc was980feetpersecond,andpressurePC was4.524atmospheres.
Sinceinequality(Dl)revealedthatno condensedB203waspresent,the
saturationconditionforB.#3maybe reachedintheexpansionprocess.

ConditionsinNozzleat Saturation

Thepressureandtemperatureatthesaturationpointcanbe found
fromconditionsatthecombustoroutlet.Forthecombustiontemperature
Tc andtheparameter4~203 pfI/2nkjtheratio P1/Pc isred frOUI
figure7. T& ratio T1/Tc canbe calculatedfromequation(13)using

c of 5.15. Thesubscript1 refersto theconditionwheresatura-
~on isreached.Fortheexampleherein@~203 Pc/Znkis0.199.This
value,togetherwiththecombustiontemperatureof44COoR, determinesa
P1/Pc of0.637anda T1/Tc of 0.916.ThUS PI and T1 ~e 2.8=

atmospheresand4032°R, respectively.

~ theinequality(Dl)showsthepresenceof condensedB@3 atthe
combustoroutletconditions,figure7 cannotbe used. Thederivation
oftheequationfromwhichfigure7 isconstructedappearsat theendof
thisaypendti.
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ExpansionwithPhaseEquilibrium
.

TheequationsdevelopedinappendixesB andC ai@usedto calculate_______
conditionsthroughtheregionofphasecha~e inthenozzle.Thedetailed
calculationprocedureis illustratedintableII. Thereader,by follow-
ingtheheadingsoftable11,canmakesimilarcalculationsforisentropic
expansionwithphasechange.Alternateproceduresareprovidedintable
IIforthosecaseswherethemixtureissuperheatedandthosecaseswhere
themixtureissaturated.A testisprovidedfordeterminingwhichcase *“
ispresentatanycondition. -~.— .—. m

At theprecise-pointwherethecondens.&tioncancommence,thecom-
putationcanbe madeeitherway. Thetempe~atureand-pressureinrows1
andl(a)oftable11for”theexamplearesuchthatthgtestforcondensed
B203showsthistobe theconditionwheresaturationisreached.Thisis

—

a consequenceofhavingusedfigure7 to determinethesaturationpoint
fortheexample.Row1 wasworkedassuming~thatthetestforcondensed
materialshowedthemixturetobe veryslightlysuperheated.Rowl(a),
forthesametemperatureandpressureasrow1,wasW5rkedwiththe
assumptionthat~hemixture&s verysl@htlybelowthepoint
tion. Column15oftable11 canbe expressedas

of satura-
.—

+- --

(D13) -

The variation of the constant-pressure specific heats_.C:
tureforthemroductsisgiveninfimre 8. Inspectionof

withtempera-
column15 in

tableII show;thatsumma~ion(D13)=ouldhaveb~enapproximatedby a
—

valueof about5 overtheenti~erangeof conditions~~ thetable.-VaJ-ue6
of ~/RT forB203,column16,areshowninfiwe 9 as a functionof

—

temperature.

CalculationofNozzleI!ontours

Considerthecaseof constantchangeofvelocitywithMachnumber.
Thedistancefromthenozzleinletto anystationrIfora nozzle2 feet
inlengthis i —.

(Uv- L@h=& .

Forthecaseof constantchangeofMachnumberwithlengththere
a discontinuityinMachnumberat thepointof condensation.Thisis
circumventedby calculatingthedistance% asfollows

.

is .
—
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DerivationofEquationUsedto ConstructFigure7

If inequality(Dl)showsno condensedB203atthecombustoroutlet,
thepartialpressureofB203inthenozzlecanbe representedat any
pointdowntothesaturationconditionby

At thesaturationpoint(station1)thepartialpressureisequaltothe
partialpressureofthevaporinequilibriumwiththecondensedphase.
Thelattercanbe representedapproximatelyoverquitea rangeof temper-

s ature by
89 14.87- 68,300/Tl
~ e

~ Equatingthesee~ressionsforthesaturation
.

pointgives

‘%203pl 14.87- 68,300/Tl
.

% ‘e
(D14)

AssumethatcompositiondoesnotchangebetweenstationC andstation1.
It isthenpossibleto definea mean Ffr forthisintervalsuchthat

Tc/Tl= (p@l) l/Fro
Equation(D14)canthenbe rearrangedas

*%203PC PC 14.87-

%
.~e

A constantvaluefor ~fr of5.15waschosenin constructingfigure7.

.
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TABLEI. - PROPERTIESOFEXPANDINGCOMBUSTIONPROIKJCTSAT POINTS

WITHINREGIONCll?BORICOXIDE(B@3)CONDENSATION

Tozzle
3ta-
tion,

l-l

1
l(a)
2
3
4

5
k
7
8
L9

staticstatic
pres- temper-
sure,ature,
P, T,
ah ‘?R

2.885 4032
2.885 4032
1.817 3851
1.144 3670
.720 3486

.454 3293

.286 3084

.180 2858

.113 2622

.07122396

Veloc-Speed
ity, of
u, Soundj

f’t/secc,
ft/sec

2705 2910
2705 2787
3634 2709
4325 2636
4880 2568

5341 2507
5738 2#5
6090 2378
6409 2287
6689 .2191

Mach
number,

M

0.9296
.9706

1.341
1.641
1.900

2.130
2.347
2.565
2.802
3.053

Coefficient
ofpressure-
density
variation,

T

1.253
1.149
1.151
1.156
1.166

1.183
1.207
1.230
1.244
1.250

Coefficient
ofpressure-
te.mperature
variation,

e

4.947
10.048
9.584
8.978
8.090

7.045
6.071
5.408
5.115
4.993

%ozzleoutlet,stationD.
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Temperature, %

(a) Boric oxide.

Figure5. - Vsriatkm of total enthalpy per mole with temperature for COMbUBtlO?kpKdUOt
ccmatituents.
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me 6. - Variation of total enthalpy of ati with temperature.
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(a) Boric oxide.

Fi~e 8. - Variation of molar con6tant-praasure epeolfia heat with temperature for combu8tlon-produetcon.9tituents.
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